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,- - ■ Abstract 

o 

' We consider quantum supergroups that arise in non-anticommutative deforma- 

CN . tions of N={^, |) and A^=(l, 1) four-dimensional Euclidean supersymmetric theo- 

ries. Twist operators in the corresponding deformed algebras of superfields contain 
left spinor generators. We show that non-anticommutative ^-products of superfields 
transform covariantly in the deformed supersymmetries. This covariance guaran- 
tees the invariance of deformed superfield actions of models involving ^-products of 
superfields. 

(N 
> 

' Key words: Supersymmetry, superspace, deformation, twist 

m ■ 

O 

§ ■ 1 Introduction 
o 

The simplest type of the space-time noncommutativity is connected with the relation 

C'^'' = * x" - x" * - i^"""" = (1.1) 

for the coordinate operators x™, where "i?*"" (m, n = 0,1,2,3) is some constant tensor 
^ ! specifying the deformation of the commutative four- dimensional coordinates x™ (see, e.g. 
^1 [1, 2]). The noncommutative algebra of fields /(x) on this deformed space-time is for- 
mally analogous to the Weyl algebra on the quantized phase space x,p, [p,x] = ih. 
The noncommutative algebra A^, is defined as the algebra of formal polynomials in x™' 
factored over quadratic relation (1.1). The Weyl ordering of the operator field involves a 
decomposition in terms of completely symmetrized monomials x^"*^ -k . . . -k x"*"-* 

oo 

/(x) ^ ^ C^^ ^^^X^ ^ -k . . . -k X ^ ^ (1-2) 

n.=0 

where Cm^ ..^^ are numerical coefficients that are symmetric in mi, . . . m„. We can use the 
correspondence of this ordered operator function and an ordinary smooth function /(x) 

oo 

w[f{x)] = fix) = 5^c™,...™„x™^ . . .X™", (1.3) 

n=0 
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which we call the commutative image of /(£). The map inverse to the operator represen- 
tation is denoted by w~^[f{x)] = f{x). 

A realization of this noncommutative algebra that is popular in field theory can be 
defined on smooth functions f{x) and g{x) of commutative coordinates using the following 
pseudolocal representation of the noncommutative product: 

w[f^9]=f^9 = fe^'g = fg + d^f d^g - Id^^^d^'dmdrfdndsg + • • • , 
fPg = (1.4) 

where dm = d/dxjn- All products of the functions and their partial derivatives in the 
right-hand side are commutative. The formula {f -k g){x) = w~^[{f -k g){x)] allows con- 
structing the ordered decomposition of the noncommutative product of operator functions 
via the power series of products of smooth functions. Basic commutational relation (1.1) 
is identically satisfied in representation (1.4) 

a;™^a;« = a;"V' + i^?'"". (1.5) 

Very many results of investigations in noncommutative field theory are obtained exactly in 
this convenient field theory representation using arbitrary-order derivatives of local fields, 
although all properties of the theory can be reformulated in the operator representation. 

Let us consider a simple ^9-noncommutative interaction of the real scalar field (j){x) in 
the noncommutative algebra A^, 

Si.^ j d^xL^{(j)) = \ j d^x{r]'^''dm(t> * 9„0 - M^^ ★ - A0^), (1.6) 

where M and A arc the mass and coupling constant, respectively, is the Minkowski 
space metric, and (f)'^ = (f)'k(f)ic(f)'k(f). In representation (1.4), quadratic terms contain the 
standard undeformed free action and additional vanishing integrals of total derivatives. 
The nonlinear interaction depends manifestly on i)mm and is therefore not invariant with 
respect to the standard Lorentz transformation. Despite this breaking of the Lorentz 
invariance, all models of the i9-noncommutative field theory use the following selection 
rule: Basic noncommutative (primary) fields transform as representations of the Poincare 
group, and interactions of these fields are constructed on the basis of algebra A^,. With the 
★-products being noncovariant with respect to the Lorentz group, this rule has no simple 
interpretation in the framework of usual symmetries. 

As shown in [7] -[12], the selection rule follows from the invariance of the noncom- 
mutative field theory under the i-deformed quantum Poincare group involving the twist 
operator 

J^ = exp(|^--a^(g)a„). (1.7) 

Note that other variants of quantum-group deformations of the Poincare group were pre- 
viously been considered [3]-[5]. In particular, various forms of the Drinfeld twist operator 
[6] were widely used in these investigations. Nevertheless, the corresponding field models 
have not been studied in as much detail as the models based on relation (1.1). 
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In sect. 2, we consider the t-deformed Lorentz transformations for the T*r-product of 
primary fields using local relations between the differential operators on commutative and 
noncommutative algebras in [10, 11]. 

Deformations of supersymmetric theories are characterized by a Poisson bracket APB 
on the superfields A and B, where the operator P is a general quadratic form in terms of 
derivatives with respect to the even and odd coordinates in the superspace [13, 14]. Impor- 
tant classes of nilpotent Q-deformations of the Euclidean supersymmetries were found in 
[15] for the case of A^=(|, ^),D = 4 supersymmetry and in [16, 17] for the iV=(l, 1), D = 4 
supersymmetry. The deformation operators P for these models are constructed from the 
left spinor generators of supersymmetries Q. They preserve superfield constraints for 
the undeformed supersymmetry representations, for instance, the chirality or Grassmann 
analyticity constraints. The Q-deformed superfield theories [15]- [19] use T^r-products of 
undeformed primary superfields in the pseudolocal representation. Deformed theories are 
not invariant under the action of generators of the basic Euclidean supersymmetry that 
do not commute with P. 

The interpretation of deformed Euclidean supersymmetries in the framework of the 
Hopf algebras was introduced in [21]. Section 3 is devoted to discussing of the twist- 
deformed N={^, i) supersymmetry. The non-anticommutative ^-product in the deformed 
superalgebra is defined on supercommutative superfields in the ordinary superspace. Pri- 
mary superfields of this model are transformed as representations of N={^, i) supersym- 
metry realized by the first-order differential operators. The twist operator for the 
nilpotent Q- deformation determines the coproduct in the i-deformed iV=(|, |) supersym- 
metry and also the ^-product in the corresponding noncommutative algebra of superfields. 
We formulate the local covariance principle in this algebra: primary superfields A, B and 
their ^-product Aic B have the same transformations in the i-deformed supersymmetry. 
Generators of the deformed transformations in the operator representation are uniquely 
defined by the twist operator and the corresponding undeformed supersymmetry gener- 
ator. For instance, the deformed generators of the right supersymmetry transformations 
contain deformation constants and the second-order Grassmann derivatives in the oper- 
ator representation, although the Lie superalgebra remains undeformed. We show that 
the deformed superfield actions using the ^-product preserve the invariance under the 
i-deformed supersymmetry. 

In sect. 4, we consider the twist operator defining the coproduct in the i-deformed 
A^=(l, 1) supersymmetry and the corresponding ^-product in the non-anticommutative 
algebra of harmonic superfields. The deformed superfield actions constructed in the 
A'"=(l, 1) harmonic superspace [18]-[20] partially violate the standard supersymmetry, 
but these superfield actions are invariant under the transformations of the i-deformed 
A'"=(l, 1) supersymmetry. It is notable that the quadratic superfield terms of the action 
also preserve the ordinary supersymmetry. 

It should be remarked that the quantum-group deformations of the supersymmetry 
with more complex superfield geometry were previously considered [23], but we do not 
discuss these models in our work. The t-deformed supersymmetries in the superfield 
theories were briefly described in [22]. 
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2 Deformed Poincare group 

We review the basic applications of the i-deformed Poincare symmetry [7]-[ll] in the 
noncommutative field theory. The corresponding twist operator T — exp(7') (1.7) acts 
on tensor products of functions 

J= o f ® g = ] ® g o j ® g ^\V^ o j ® g ^ . . . ^ 
Vof®g=\r'^dmi®d^g. (2.1) 

The rigorous definition of noncommutative product (1.4) is related to the operator T 

f-kg = \l^of®g = lloTof®g^ Hof0g = fg, (2.2) 

where the map ^ defines the product in the commutative algebra of functions A(i?^), and 
the analogous map /^^ = iioj^ defines the product in the algebra A^. The twist operator is 
analogous to the pseudolocal operator (1.4) in the field theory constructions, and the 
tensor product can be treated as a nonlocal product of ordinary fields in different points 
f{xi)g{x2). 

We consider a local representation of the generators of the Poincare group 

Pm — ^TO) ^mn •^ndm •^m^n (^•3) 

and the corresponding infinitesimal transformations of the scalar field 

5e0 = -c^Pm4> = -Pc<i>, 3^4> = -|a;™^M^„0 = -M,0, (2.4) 

where c„j, cj"^" are the infinitesimal parameters of translations and Lorentz transforma- 
tions. A finite transformation of the form of the scalar function (active Poincare trans- 
formation) can be represented as 

(P'ix) = 0(5) = e-^-e-^=0(x), x"^ = e-^-(x"^ - c""). (2.5) 

The transformation operator e^^^^e^^" belongs to the universal enveloping bialgebra of 
functions of generators U{Pm, Mmn), where the associative product of generators and 
coproduct A : U ^ U ®U are defined. The coproduct acts trivially on unity and the 
generators of U{Pm, M^„) 

A(l) = 1 ® 1, A(Pe) = Pc ® 1 + 1 ® Pc, A(il4) = ® 1 + 1 M^, (2.6) 

and the action of A on functions of generators is defined accordingly, for instance, 

A(M,MJ = A(M,)A(M,), A(e-^-) = e"^- ® e'^- . 

The coproduct gives the action of generators and their functions on the tensor product of 
fields 

A(M,) of®g = MJ®g + f® M^g. (2.7) 
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Thus, the standard Leibniz rule for the infinitesimal Lorentz transformation in the com- 
mutative algebra follows from the formula for A{M^) 

Ufg) = ° Uf ®9) = iU)9 + fs.g. (2.8) 

This rule is postulated in the commutative field theory, but deformations of the coproduct 
and the corresponding transformation laws of the products of functions are possible in 

the noncommutative case. 

It is evident that the noncommutative product transforms noncovariantly in the ordi- 
nary Lorentz group 

SM *9)^ {S^f) *9+{f* S^g) + -MM * q)- (2.9) 

By definition, the i-deformation of the Poincare group: U{Pm-, Mmn) — Ut{Pm, -^mn) 
does not change the Lie algebra of generators, and we can therefore use the standard 
representation (2.3) in Ut- The coproduct in Ut{Pm,Mmn) is deformed for generators 

Mmn 

At{Pc) = exp(-P)A(Pe) exp(7') = A{P,), 
At{M^) = exp(-P) A(M,) exp(7') = A(M,) 

+ lu;"'''^msPn ®P'- |a;"^"l?.nP" « Pm- (2.10) 

The deformed transformations of fields in the noncommutative algebra was de- 
scribed in details in the recent works of the Munchen group [10, 11]. These authors con- 
structed a map between differential operators on the commutative and noncommutative 
algebras of functions. Let ^ = SJ^{x)dm be the first-order differential operator on A[R^) 
containing an arbitrary function ^™(x); for instance, the infinitesimal Lorentz transfor- 
mation is defined by the function ^™ = a;™"a;„. One can construct the corresponding 
operator on the noncommutative algebra satisfying the simple relation 

iu) = o (r ® 5™)(i ® /) = cxp(-p)(r ® 5„)(i ® /) = r ^ 5™/ 

-i^^drr * dsdmf - \^'-'^^''^drd,r ^ dsd,dmf + 0{d^) = {X^ ^ /). (2.11) 

Note that in the general case X^ contains derivatives of arbitrary orders and acts, by 
definition, on any noncommutative functions or their commutative images. 

The local generators Pm and Mmn (2.3) acting on commutative images f{x) correspond 
to the following operators on the noncommutative functions /(£) in algebra A^: 

dmf = {Pm * /), {Pm * f) = W-\Pm ^ /), 

{Mmnf) = {Mmn*f), {Mmn^ f) ^ W-\Mmn^ f)- (2.12) 

We note that the translation generator has the standard form, and the generator of the 
Lorentz transformation in the operator representation contains second-order derivatives 

M — T -kd — T -kd + tT^d 8 — -n iT^d 8 

-'"mn — -^n ^m -^m ^n ~ 2 ^s^n 2 Z™'' '-'s'-'mi 

= luJ^^^'Mmn = Oj'^'^Xn ^dm + |u;'""77^,^^^9,9„. (2.13) 
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It is natural to use operators Pm = dm and Mmn in the operator representation of the 
noncommutative algebra A^, on functions /(£), for instance, 

(M^ ★ ★ = r7,,[a;""F ^ + cu"''£™ * F - ^cu""'^''' + {lu^'W"']. (2.14) 

It is easy to verify that the quantity C^" (1.1) is covariant with respect to the trans- 
formations of the deformed Lorentz group 

[Mi^-kC^ )—uj rjsrC^ +00 rjsrC^ . (2-loj 

The anticommutator A™" = also transforms covariantly in Ut{Pm, Mmn)- 

As follows from relations (2.12), the operators Pm and Mmn form the Lie algebra 
(and the corresponding associative algebra) isomorphic to the standard algebra with the 
generators Pm and Mmn 

(M„„ ^ Mrs * f) = {MmnMrsf) , (A ^ Mmn ^ /) = {PsMmnf)- (2.16) 

Coproduct (2.10) acts on tensor products of functions as 

-|u;"'"At(M^„) o / (8) g = (5,/) ® ^ + / {5^g) 

+|(a;-"^„, - ^^^ujns)dmf ® d^g. (2.17) 

We apply the map /x* (2.2) to this relation and obtain the formula for the covariant action 
of the deformed Lorentz transformation in the algebra A^ 

+|(a;-"i?„, - i?-"o;„,)9„/ * d'^g = -MM ^ g). (2.18) 

The last relation can be verified using the pseudolocal formula (1.4). Thus, the noncom- 
mutative product of scalar fields transforms as the scalar in Ut{Pm, Mmn)- It should be 
noted that the corresponding finite transformations of / ★ in Ut{Pm, Mmn) have a form 
analogous to the transformation (2.5) of the primary scalar fields 

(/^^)'(x) = (e-^-e-^=/^^)(x). (2.19) 

In this pseudolocal representation, we consider the active transformations of all field ob- 
jects in the fixed point and do not discuss the dual transformations of the noncommutative 
product of fields together with the coordinate transformations ^. 

Applying the map /i to (2.17) yields a noncovariant action of Ut{Pm, Mmn) on the 
commutative product of fields 

L * ifg) = o AtiMmn) of^g^ {5J)g + f{5^g) 

^{Uj^^^ns - ^'^''Ujns)dmfd'9 ^ -^U;"''' Mmn{f Q) ■ (2.20) 

Four-dimensional integrals of the ^-products of fields (1.6) are invariant under the 
Ut{Pm, Mmn) Symmetry. The quadratic (free) terms also have the standard Poincare 
invariance. 

^The action of the dual quantum Poincare group was discussed in refs.[7, 12]. 
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3 Deformation of A^=(^, |) supersymmetry 



In this section, we consider the simplest Euchdean supersymmetry SUSY(|, i) gcncrahz- 
ing the IS0(4) symmetry of the space i?^. We use the chiral coordinates z"^ — (i/m, 6'", 9") 
in the Euchdean N—{^, |) superspace, where m = 1,2,3,4, a — 1,2 and a — 1,2 are 
the vector and spinor indices of the group SU(2)^xSU(2)^. Note that these coordinates 
are pseudoreal with respect to special conjugation [16] 

{ymT^ym: {9'^)* ^ S^f^O^ , (9^)* ^ 8.^9^ {AB)* ^ B* A* (3.1) 

for any superfields A{z) and B{z). For instance, one can use the reality condition for the 
even Euchdean chiral superfield: 9)]* = (f){y, 9). The central and right 4D coordinates 
can be expressed via the chiral coordinates 

Xm = ym- i9am9, Vm = Vm - 2i9am9, (3.2) 

where {am)aa are the Weyl matrices of the group S0(4). Generators of the supergroup 
SUSY(|, i) have the following form: 

Li = Li{y) + Li{9) = \{<j^ant{yndm - Vmdn) + 9^d^ - 15^9-^3,, 

O — 9°'da — 9'^da, Qa — da, Qd — da — 2i9°'dad, Pm — dm, (3.3) 

where (cx^)"" = e^'^£"^{am) ^, and Om = {dm, da, da) are the partial derivatives in the 
chiral coordinates 

d V = S d ■ = (a ) d d 91^ = 5^ d-9^ = 5^ f3 4^ 

The generators L^, and O correspond to the automorphism group 811(2)^x811(2)^x0(1,1). 

Let us consider even combinations of the supersymmetry generators and the corre- 
sponding transformation parameters c^, A^, p^, a, e"^ and e° 

P, = CmPm, aO, L^ = XILi, Rp = plRi, Qe = e''Qa, Q-e = e^Qd. (3.5) 

In studying the deformations, it is convenient to divide the operators of 8U8Y(i, |) 
transformations into two sets 

SA^{Sg + SG)A^-{g + G)A, g^p^ + R^ + Q^, G^L^ + aO + Q,.{3.6) 

We let S(4|2,2) and C(4|2,0) denote the standard algebras of general and chiral su- 
perfields, respectively. The product in these algebras is supercommutative for superfields 
A{z) and B{z) with the fixed Z2 parities p{A) and p{B) 

AB = (-1)P(^W^)BA. (3.7) 
^We use the following conventions for the antisymmetric symbols : 
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This product is defined formally by the bilinear map n 

HoA(^B^A{z)B{z). (3.8) 

In field theory, the tensor product corresponds to a nonlocal product of superfields 
A{zi)B{z2) defined on independent sets of coordinates, and /i can then be interpreted 
as providing an identification of Zi and Z2- 

The coproduct is trivial for the generators of SUSY(|, |) 

A{g)^ g^l + l^g, A(G') = G (g) 1 + 1 ® G. (3.9) 

This coproduct defines the action of the supersymmetry on the tensor product of super- 
fields 

S{A ® S) = -A{g + G){A^B)^SA^B + A^SB (3.10) 

and yields the standard Leibniz rule for supersymmetry transformations on the local 
product of superfields 

6{AB) = fxo6{A0 B) = {6A)B + A6B. (3.11) 

A non-anticommutative deformation of the coordinates of the Euclidean N—{^, |) 

superspace z = {ym, 9"", 9°") was considered in [15]. The Clifford coordinate of the deformed 
superspace 9°^ satisfies the simple relations 

rpaP ^ §a ^ 013 ^ 013 ^ 0a _ ^al3 ^ (3.12) 

where C"^ are some constants, and the coordinates ym, remain undeformed 

r , Vm] = [9^ ym] = [ym: Vn] = 0, , 9"} = {9^ 9^} = 0. (3.13) 

The canonical decomposition of the ordered operator superfield A{z) is based on the 
assumption of antisymmetrization in 9°' 

A{y, 9, 9) = r{y, 9) + txa^y, 9) + e^^t ^ 9^s{y, 9). (3.14) 

Non-anticommutative deformations of S(4|2,2) and C(4|2,0) are denoted by S*(4|2,2) 
and a(4|2,0). 

In the pseudolocal representation, the noncommutative superfield A{z) corresponds to 
the supercommutative image A{z) in the undeformed superspace 

w[A{y, 9, 9)] - A{z) = r{y, 9) + 9''xa{y, 9) + ea(39"9^s{y, 9). (3.15) 

The corresponding ^-product of superfields A{z) and B{z) contains the left supersymme- 
try generators 

= {A^B){z) = Ae^B ^ AB - li-lf^^^C^Q^AQpB 
-^C^'Caf^Q^AQ^B, (3.16) 
APB = -i(-l)^(^)C"'3g«A Qf^B, P3 ^ 
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where P is the nilpotent bidifferential operator and = s^^QaQf)- In the right-hand side 
of this formula, aU products of superfields and their derivatives are supercommutative. 
Using decompositions of these products in powers of 6°", we can easily construct the 
ordered decomposition of the operator product {A-kB){z) = w~^[{A~k B)(z)] in terms of 
9". Relation (3.12) is satisfied automatically in representation (3.16). 

It is evident that the noncommutative algebra Sy,(4|2,2) is noncovariant under trans- 
formations of the undeformed supersymmetry Sq (3.6), for instance, 

5,{A ★ S) = -(e^Q^A) icB-Ai. e^Qc^B ^ -e^Qa{A ★ B), (3.17) 

although the operator Sg acts covariantly 

6g{A ★ S) = {-gA) ★ S - A ★ (gB) = -g{A ★ B). (3.18) 

The twist operator — exp{V) in this superspace was considered in [21] (see, also 
[24, 25]) 

V = -^C^f^Q^ ® Qp, V{A S) = -|(-l)f(^)C"^g„A QpB, 
r{A®B)^A®B- |(-l)f(^)C«^Q„^ ® QpB - ^C'/^CapQ^A (g) Q^B. (3.19) 

The operator V is real with respect to the Hermitian conjugation including the map (3.1) 
on the supersymmetry generators = and the transposition 

7?* = -i(C°^)*g* <g)Q; = 7?, (3.20) 

if the condition (C"'')* = eap^paC^ is satisfied. The reahty of the Poisson bracket follows 
from this property 

(APB)*^ fxoV*{B*^A*)^B*PA*. (3.21) 
The bilinear map /x^ in S*(4|2, 2) can be defined via the twist operator 

Ai,B = n^oA^B^ pLoex.p{V)A^B. (3.22) 

By analogy with the map between differential operators on the commutative and non- 
commutative algebras of functions (2.11), the map of the k-th order differential operator 
D — i'^''^"''^''''{z)dMk ■ ■ -Omi on the supercommutative algebra S(4|2,2) to the differential 
operator Xd on Sy,(4|2, 2) can be easily defined 

{DA) = /i o e''-''' ® . . . <9m, A = /i, o exp{-V)e''-"'' ® 5m, . . . d,,,A 
= C'-'"' ^ -9m, . . . d,,,A + |(-l)^'(^)C-'5Q„r"-'"= * . . . d^,Qf,A 
-^C''f'CapQ'i^'-'''^dM,...dM,Q^A={XD*A), (3.23) 

where p{D) is the Z2 parity of the operator D. The operator Xd includes derivatives of the 
orders k, k+1 and k+2. The differential operators on S(4|2, 2) form an associative algebra. 
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and the map D — > generates the isomorphic algebra of the differential operators on 
S.(4|2,2) 

{D,D2A) = {Xd, * Xn, * A) . (3.24) 

In general, the image X^ for the first-order operator ^ = i^{z)dM contains terms with 
derivatives of the first, second and third orders in S*(4|2, 2) 

(X^ ^A) = HA) = /i, o exp(-P)(r (^) ® <9m)(1 ®A)= r (^) * d^A 
+\{-lf ^^C"PQae'{z)^d,,QpA - l^C''fC^pQ^e'{z)^dMQ^A. (3.25) 

The noncommutative images of the operators (Qd and (3.3) are the second-order dif- 
ferential operators in S*(4|2, 2): 

(4 * ^) = - 2i^"9«d + iC'^daaQp) *A^ Q^A, 

(Li * A) = (Lf - IC'-^QM ^A^ L^A, (3.26) 

while the operators Pm, and O preserve their form under this map, for instance, 

{OA) = {O'^da - e^Bc,) ★ A. (3.27) 

The additional term in O vanishes, C°'^QaQf3 — 0. 

Expression (3.23) includes the differentiation and the T*r-product in the pseudolocal 
representation; however, this formula allows defining the action of the corresponding 
operator (XD-kA) = w~^[{Xj:i ic A)] on non-anticommutative superfields in an arbitrary 
representation of the algebra S*(4|2, 2). In the operator representation, it is easy to verify 
that the quantity T°'^ (3.12) is covariant under the action of the deformed generators 

(3^ ★ T"^) = 0, {LP ★ T"^) = S^T^^ + ^^T"" - 5^T"^. (3.28) 

According to relation (3.24), the deformed generators on S^t(4|2, 2) form the Lie su- 
peralgebra isomorphic to the undeformed Lie superalgebra of generators (3.3). 

The coproduct At(G) = e~^A{G)e^ in the deformed supersymmetry SUSYt(|, |) is 



changed on some of the generators 

MQe) = 0.- (8) 1 + 1 ® Qe- + i€^C^^{daa ^Qp-Qa^ dp^), (3.29) 

At (La) = La 1 + 1 ® La + |C''^(A^ga ®Qa + KQp ® Qa), (3.30) 

At(0) ^001 + 100- C^/^Qa Qp. (3.31) 



The coproduct is not deformed on the generators i?^, Pm and Qa- 

By definition, the action of SUSYt(i, i) on a primary superfield A in an arbitrary 
representation is generated by the undeformed supersymmetry transformations of the 
supercommutative image A{z) 

5^A^-{g + G)A^-{g + G)i.A, (3.32) 
5-kA^ w~^[5i<A] = -{g + G)i^A, 
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where relations between operators and superfields in different representations are used. 

Tlie deformed coproduct A((G') in SUSYt(|, |) determines transformations of tlie non- 
commutative product in tlie algebra S*(4|2,2) 

4 ★ ★ = -/i^ o At{Qe)A S = -{QeA) ★ S - A ★ QgB 

-ie^C^f^[(-l)P(^)daaAi.Qf3B - Q^AirdfSaB], (3.33) 

5xi^{Ai.B) ^ -H^ o At{Lx)A ® S = -{LxA) ★ S - A ★ L^B 

(^)C"'^(A^g«A * Q,B + \^Q,A * QaB), (3.34) 
5„ ★ (A ★ S) = -a(OA) ★ S - ★ (OB) + ai-iy^^^C^^QaA ★ Q;,^. (3.35) 

The appearance of terms with C"^ in the transformations of A-k B can be treated as 
a deformation of the Leibniz rules for d^, 6x and 6a. It is not difficult to show that these 
relations yield the covariance of the noncommutative product 

Sa^iAi^B) ^-G{Ai.B), (3.36) 

which transforms similarly to primary superfields A and B (3.32) in SUSYt(|,i). For 
instance, the formula Se {A -k B) — —Qe{A -k B) is derived from eq.(3.33) using the 
relations 

-Q,{A^B) = -[Q„ {Ae'^B)] = -{Q,A)e''B - A[Q,,e'']B - Ae^'iQ.B), 
-A[Q„ e^]£ = -te^C'^ii-lf^^daaA ^ Q^B - Q^A ^ d^^B] . (3.37) 

We note that superfield AB is a noncovariant quantity in SUSYt(|, |). For example, 
it is easy to define noncovariant actions of the operators 5^ and Sx on the ordinary product 
of even chiral superfields 

6, ^ (0102) = -/i O Aj(g,)0i ® 02 = -QeiM2) - ?e^C7"'3(5„«0i g;302 

-9/3002) = 4(aia2) + 0°'5^{aiip2a + a2i'ia) + 0(6*^), 

^ (0102) = -fiO At{Lx)(l)l ® 02 = -A;^L(^(0i02) 

-iC"'<^(A^g«0ig,02 + A^g,0igc«02) = ^(aias) + C>(^). (3.38) 

The first terms in these formulas coincide with the transformations of the undeformed 
supersymmetry. Using the ^-decomposition of these superfield formulas 

(P^ = ai + e^'iPi^ + e^fi, (3.39) 

Qa(f>i = i^ia + '29afi, Q'^4>i = -^fi 

one can obtain the deformed transformations of component fields, for instance, 

4(aia2) = -i^C°'^{daaaiip02 - tpaid/3aa2), 

Sx{a,a2) = -A^L^(y)(aia2) - iC""^(A^^«i^,2 + (3.40) 
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The expansion of the T*r-product of two chiral superfields in 6*" depends on the constants 

$12 = 01 ^ 02 = B + r ^„ + d'^F, (3.41) 

F = a^f2 + a2h-\i^ti^2o. (3.42) 

These relations generate the deformed tensor calculus for the product of the chiral compo- 
nent multiplets. The transformations of the composed components (3.41) in the deformed 
supersymmetry are completely analogous to the transformations of the primary compo- 
nent fields ai,ipai and fi 

6^B = -X1Li{y)B, 5,*^ = A^*„ - A^Lf (t/)*„ = -A;^L^(y)F. (3.43) 

These transformations are compatible with the noncovariant transformations of the prod- 
ucts of components (3.40). 

The non-anticommutative deformation of the Euclidean model with an arbitrary num- 
ber of chiral (antichiral) superfields and gauge superfields V{z) involves ★-products of these 
superfields in the superfield action [15]. Each term of the T*r-polynomial decomposition of 
this action is separately invariant with respect to the transformations of SUSYt(i, i), and 
the quadratic terms are also invariant under the ordinary supersymmetry. 



4 Deformed A^=(l, 1) supersymmetry 

Nilpotent deformations of the Euclidean A'"=(l, 1) supersymmetry were considered in the 
framework of the harmonic-superspace formalism [16, 17] using the SU(2)/U(1) harmonics 
uf and the chiral superspace coordinates 

= (ym, et, r'^) , = + iekaj\ (4.i) 

where the central 4D coordinates. Standard conjugation of these coordinates 

changes positions of all spinor indices 

¥;: = ym, Ot = Ol W=-9ak (4.2) 

and in particular preserves the invariance under the SU (2) automorphisms acting on index 
k. In the same superspace, the alternative pseudo conjugation can be defined as [16] 

{ymT^ym. m*^o^,, {r^y^el (4.3) 

which does not change the position of the 5'C/(2)-index k. The spinor derivatives and 
D^}. in these coordinates are given by 

D'^ = d'^ + 2ir''daa, D^k = dak. (4.4) 



12 



The even part of the harmonic superspace x has a dimension 4+2; it is convenient 
to use separate symbols for the left and right odd dimensions of the Grassmann coordinates 
of the general superspace (4,4), the chiral superspace (4,0), and the analytic superspace 
(2,2), respectively. We use symbol S(4, 2|4, 4) for the supercommutative algebra of general 
harmonic superfields and S*(4, 2|4, 4) for the corresponding non-anticommutative algebra. 

We use the following representation of the SUSY(1,1) supersymmetry generators as 
the differential operators on the algebra S(4, 2|4, 4): 

O^e'^d'^-r'dak, Qi = dl Qak = dak-2te'^daa, Pm = d^, (4.5) 

where L^{y) and -R^(y) are defined in (3.3) and the partial derivatives satisfy the relations 

dmyn = Srnn, O^e^, = 616^ 8^,6^' = 6^ 6^ d^'u^ = 6^, . (4.6) 

To study deformations, it is convenient to separate the SUSY(1,1) transformations 
into two parts 

SgA = -gA, SgA = -GA, (4.7) 
using the following combinations of generators and the corresponding parameters: 

g = Pc + Rp + Qe, G = Tu + Lx + Q, + aO, (4.8) 

Pc = CmPm, Tu = ''A'Pki L\ = X'^L^, Rp = P^R^, Qe = ^kQa^ Qe = ^'^Qdk- 

The analytic coordinates of the harmonic superspace {xa, 6*^, ^^) can be defined using 
the harmonic projections of the Grassmann coordinates 9'^°' — u^d"'^ and 9^°' — u^d""^. 
The corresponding representation of the spinor and harmonic derivatives can be found in 
[16, 18] 

= , D- = + 2i^-"9„^ , 
Dl = , DT = -5+^ ~ 2ir«a„^ , (4.9) 

D++ = a++ - 2i^+°e+<^9ad + + ^+°a_d (4.10) 

where d±oc = d/dO^'^, d±a = d/dO^'^. 

The A'"=(l, 1) twist operator — exp (V) contains the nilpotent operator 

-P^-lc^iQt^Qp, ^' = 0, (4.11) 

where C^j^ are the deformation constants. The operator V is Hermitian under the conju- 
gation constructed from the transposition and conjugation (4.2) 

^=-1^^®^ = ^, Ql = e'''e,,Ql, (4.12) 
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if the conditions C^i = EapEiSa^^'^^^^Cij are satisfied. 

The action of the operator V on the tensor product of superfields A and B is compatible 
with the Z2 grading 

VA®B = -l(-l)P(^)c,f Q^A ® Q'pB. (4.13) 

A non-anticommutative product in the corresponding deformed algebra S*(4, 2|4,4) can 
be defined using the equivalent formulas 

^ ★ S = Aexp(P)S = o exp {V)A ^ B ^ pi^o A^ B (4.14) 

where // and /li, are the bilinear maps for S(4, 2|4, 4) and S^,(4, 2|4, 4), and P is the bidif- 
ferential operator in [16, 17] 

APB = -li-iy^^^C^j^Q'^^AQ'f^B = i^oV A0 B. (4.15) 

The non-anticommutative algebras of the A'^=(l, 1) chiral or analytic superfields are 
defined as subalgebras of S^t(4, 2|4, 4) using the superfield constraints 

D^kB = 0, or(D+D+)A = 0, (4.16) 

which are preserved by the deformation operator exp(P) . 

By analogy with eq. (3.23), each differential operator on the algebra S(4, 2|4,4) cor- 
responds to the operator on the noncommutative algebra S^(4, 2|4, 4), for instance, 

Qak A = QakA, 

Q^, = - 2zet * - c,f (4.17) 

In the twist-deformed supersymmetry SUSYt(l,l), we can use the standard representation 
of generators (4.5) on the primary superfields. 

The deformed coproduct in SUSYt(l,l), A.t{Q) — e~^A(^)e^, can be easily calculated 
on the following generators: 

At(Q,) = ® 1 + 1 ® + ie^'Cg^^a ® - le^'C^fQl ® 

A,(TJ = T„ ® 1 + 1 ® T„ - |4Q/Qa ® Q'p - HcfQi ® Q% 

ML,) = ® 1 + 1 ® + iA;^Cf7Q^ ®Q\ + \>^%C>iQ\ ® 

MO) = 0®l + l®0-C'^^Ql®Q'f^. (4.18) 

The deformation of the coproduct vanishes for the operator g — Q^+Pc+Rp-. e''^A{g)e^ — 

The noncommutative ^tr-products of the iV=(l, 1) superfields preserve the covariance 
under the deformed transformations of SUSYt(l,l) 

6G^{Ai.B) = -/i* o At{G)A (8) S = -G{A * B). (4.19) 
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The deformed Leibniz rules for the T*r-products are derived from formulas (4.18), for 
instance, 

6, i.{Ai.B) = -12, o At{Q,)A (g)B = -{Q,A) ^ + A ^ {Q,B) 
-^(-l)^(^)C«/e^^'5„^A ^ Q'f^B + iC^,^e^'Q^^A ^ d^^B = -QM ^ B). (4.20) 

The transformation 5^ acts noncovariantly on the supercommutative product of super- 
fields 

4^ {AB) = -fi o At{Q,)A ®B = -Q,{AB) 

_,^_lY(A)^a^^kQ^,^Qj^j^ + iCl^e^^Q^^Adp^. (4.21) 

It is easy to define the deformation of transformations for products of the iV=(l, 1) com- 
ponent fields using the corresponding Grassmann expansions of the superfield transfor- 
mations. 

In the special case of the singlet deformation [18, 19], the twist operator contains the 
parameter I and the SU(2) xSU(2)i invariant constant tensor 

C,f = 2/5"^£h ^ Vs = -IQ'^ ® Qt- (4.22) 

The deformation corresponding to the operator Vg vanishes on the generators of the SU(2) 
and SU(2)i transformations and remains only for the N = (0, 1) and 0(1,1) generators 

MQak) = Qafc ® 1 + 1 ® Qak + 2ildca ® Qt - 2iIQt ® Oaa, 

At{0) = 0®l + l®0-2IQl®Ql. (4.23) 

The degenerate A^=(l, |) deformation in [16] corresponds to using the twist operator 
^deg = ^wi'Pdeg), where the operator 

is Hermitian under the alternative pseudoconjugation (4.3) 

(Q^)* = Q"^ (g"^)*^g|, {C^^'r^C^p. (4.25) 

In this case, the coproduct is deformed on the generators Qa2, L^, O and T^. 

In [26], we considered the deformation of S(4, 2|4, 4) acting simultaneously in the 
chiral and antichiral sectors of the superspace and using the pseudoconjugation (4.3). 
This deformation corresponds to the twist operator JF = exp('P) 

r = -iC"^g2 ^ g2 _ ic-PQ^, Q^^ - S""(Q2 ^ Q + g ^ Ql)_ (4.26) 

It is interesting that an analogous twist operator can be used to deform the N—2, D=[3, 1) 
superspace on the basis of the Minkowski space. The Hermitian symmetry of V is pos- 
sible in this case if the alternative conjugation is used in the central coordinates of the 
N—2, D—{3, 1) superspace 

{xn^ = x^, {e'^y = et, m^ = 0'^, (4.27) 

which breaks down the automorphism group SU(2) but is compatible with covariant 
conjugation of spinors in the group SL(2,C) ^. Operator (4.26) deforms the coproduct on 

^We note that the alternative and usual conjugations act identically on the SU(2) invariant quantities. 
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the generators of SL(2,C), U(2), and Qa2- 

The differential operators (dm, D'^, Dak, d/du^) satisfy the standard Leibniz rules for 
all nilpotent deformations considered. 

We consider the primary analytic superfields of the hypermultiplet and the 

gauge multiplet [16, 17], which have the following noncommutative gauge transfor- 
mations: 

S^V++ = + [V++, Al , 6Aq+ = [q+, A],. (4.28) 

where A is the superfield gauge parameter. These superfields and their ^-products trans- 
form covariantly in the deformed supersymmetry SUSYt(l,l) 

Sg ^ [V^^iz, Ml) * V^+{z, U2)] = -G[V+^{z, m) ^ V++{z, u,)], (4.29) 
<5G*(V^++^g+) = -G(^++^g+), (4.30) 

where the generators G are given by eq. (4.8) or by the equivalent relations in the analytic 
coordinates. 

The gauge action of V^^ is defined in the full or chiral superspaces [16, 17, 18]. In 
an arbitrary gauge, this action is invariant under the SUSY((1,1) transformations. In 
the analytic superspace, the superfield action of the hypermultiplets contains the integral 
with the measure d^XA{D~)^, and the simple example of the analytic density has the form 

= g+ ★ {D++q+ + [V++, g+]*) + Ag+ ★ g+ ★ g+ ★ g+. (4.31) 

The deformed transformations of this superfield density are covariant in an arbitrary 
gauge of V'^'^ 

(4 + 6u + Si + Sa) ^ L^" = {^'Qak + u[Tt + /^Lf + aO)Lt\ (4.32) 

and the analytic-superspace integral of these variations vanishes. All superfield actions 
using the T^r-products in the non-anticommutative harmonic superspace [18, 19, 20] are in- 
variant with respect to the transformations of the deformed supersymmetry SUSYi(l,l). 
The free quadratic terms of these theories also preserve the undeformed N = (1, 1) su- 
persymmetry. 

The gauge superfield in the WZ-gauge defines the component fields of the vector 
multiplet 

V;^t = {O^Y^M + {e^?<PixA) + 2{9+aJ+)AUxA) + 4(^+)2^+"«^*^(xJ 

+ ^e^mu~,^-\x.) + 3{e^r{9^)\,u^D''\xA). (4.33) 

The SUSYt(l,l) transformations of the quantity V^'^^ contain the standard terms with the 
supersymmetry generators (4.8) complemented by the composite gauge transformations 

{Se + 4) * V+t = -{Q. + Q,)V:^t - D^-'iK + A.-) - [V-'^: (Ae + A,)]„ (4.34) 



16 



where the N={1, 1) supersymmetry generators are considered in the analytic coordinates 

Qak = u^d+a + u^d^a + 2iu~ 9'^°' d^a ■ (4.35) 
The composite parameters of the A^=(l, 1) transformations in the WZ-gauge are given 

by 

A, = 2r^[0f<P + + u^{e+)W. + 2ur0p+''¥^ + uruJ0f{0+YD% (4.36) 

where e^" = e"^M^ e~" = e^^M^. The deformed transformations of the vector- multiplet 
components are determined from the Grassmann expansion of the transformations of 
V^^ in (4.34). These transformations contain nonhnear gauge terms. The SUSYt(l,l) 
transformations for the hypermultiplets are compatible with the transformation of V^^ 

(S, + 4) ^q^ = -{Qe + Qe)q^ + [q^, {K + A.)]*- (4.37) 

Additional terms with A^ and Ag do not violate the SUSYt(l,l) invariance of the action 
by virtue of the gauge symmetry. 

The singlet D-deformation of the A^=(l, 1) supersymmetry was considered in [16, 17]. 
This deformation corresponds to the alternative singlet twist operator constructed using 
the spinor derivatives 

{Ai.B)D^ l^oeMT^D)A<»B, Vd^-JDI®D'^, (4.38) 

where J is some constant. The Leibniz rules for the noncommutative product are now 
deformed for the operator Dak 

Dak{A ^ B)d = {DakA ^ B)n + (-1)^(^)(A ^ DakB)D 
-2iJ{-iy^'^^daaA ★ D^B - 2iJD'^A ★ d^aB (4.39) 

and for the 0(1,1) generator, but this deformation vanishes for the remaining generators 
of SUSY(1,1) and the spinor derivative D'^. 

The singlet operator Vd (4.38) does not preserve chirality but does preserve anti- 
chirality and Grassmann analyticity. The D-deformation is interesting for the general 
objects of the superfield geometry in the N= — (1, 1) gauge theory [17]. 

5 Conclusions 

We have analyzed the t-deformations of the Euchdean -/V=(|, |) and A^=(l, 1) supersym- 
metries using the twist operators depending on the left supersymmetry generators. In 
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this approach, the coproduct in the universal enveloping supersymmetry algebra is de- 
formed, and the Lie superalgebra remains undeformed. In the pseudolocal representation, 
the deformed supersymmetry is covariantly realized on the noncommutative ^-products 
of primary fields, while the t-supersymmetry transformations of the supercommutative 
product of superfields depend on the deformation parameters. A map of the differen- 
tial operators on the ordinary superspace to the differential operators in an arbitrary 
representation of the deformed noncommutative superfields was constructed. In this rep- 
resentation, the part of the t-supersymmetry generators is realized by the second-order 
differential operators, and it therefore becomes evident that the corresponding transfor- 
mations of the T*r-product do not satisfy the usual Leibniz rule. 

The covariance of the ^-product and the invariance of the superfield action using 
this product are the main principles of the superfield formalism of the t-deformed the- 
ories. The bilinear free terms of the deformed action are also invariant under the usual 
supersymmetry. The deformation constants of the non-anticommutative superfield theo- 
ries violate some initial (super)symmetries; however, these constants are compatible with 
the deformed supersymmetries. The invariance of the superfield formalism under the 
t-supersymmetry should be used to study the renormalizability of the deformed super- 
symmetric theories. The formalism of deformations can be regarded as an interesting 
analog of the spontaneous (super)symmetry breaking mechanism if the deformation does 
not destroy the good quantum properties of the supersymmetric field theories. 
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